Electron-impact ionization cross sections for Li ϩ are calculated using the R matrix with pseudostates method and time-dependent close-coupling theory. The largest R-matrix calculation includes 11 spectroscopic states from the configurations 1s 2 , 1s2l, and 1s3l; an additional 56 pseudostates from the configurations 1sn l with n ϭ4 -10 and lϭ0 -3; and enough continuum orbitals to adequately describe incident energies up to 175 eV. The largest time-dependent close-coupling calculations involved 16 partial differential equations on a 300 ϫ300 point radial lattice. 
I. INTRODUCTION
One of the key atomic collision processes in the modeling of many astrophysical and controlled fusion plasmas is the electron-impact ionization of low-charged ions. The first successful electron ionization measurements were made in the early 1960s on He ϩ ͓1͔. Since that time the ionization cross section for hundreds of atomic ions have been measured ͓2͔ using a variety of experimental methods. For many atomic ions, the dominant ionization mechanism is the direct ejection of an outer-shell electron by interaction with the passing scattered electron. The final state of the direct mechanism finds two electrons moving in the field of the ionized target, i.e., the quantal three-body Coulomb problem. Since perturbative distorted-wave theory ͓3͔ only treats the three-body problem in an approximate fashion, comparison between theory and experiment has been hampered by uncertainties in the perturbative predictions.
Recently a number of computational methods, based on nonperturbative close-coupling theory, have been developed which successfully treat the three-body Coulomb problem found in electron-atom ionization. The converged closecoupling, the R-matrix with pseudostates, and the timedependent close-coupling methods have all been applied to calculate the direct ionization of low-charged atomic ions in Li and Na isoelectronic sequences ͓4-10͔. Although the results from the various computational methods are in reasonably good agreement with each other, the overall agreement between nonperturbative theory and some of the older experiments is less than satisfactory. New experiments on Lilike boron ͓11͔ and Na-like aluminum ͓12͔ are now in much better agreement with the predictions of the nonperturbative methods.
In this paper, we apply the R-matrix with pseudostates and the time-dependent close-coupling methods to the electron ionization of He-like lithium. Crossed-beam experiments ͓13-15͔ report ionization cross sections for Li ϩ that are well below Coulomb-Born calculations ͓16͔, but are in better agreement with distorted-wave with exchange perturbative calculations ͓17͔. Our R-matrix with pseudostate calculations extend the recent work of Brown et al. ͓18͔ by including more pseudostates and by employing procedures to more precisely determine that portion of the pseudo-state expansion that should contribute to ionization. However, since both R-matrix calculations only include a sufficiently large (Nϩ1)-electron continuum basis to adequately describe incident energies up to about 175 eV, we also carry out time-dependent close-coupling calculations over a larger energy range, which includes the peak of the ionization cross section. The time-dependent method is based on the propagation of a two-electron wave packet in both a nuclear Coulomb potential and an effective local potential for the core electron ͓19͔. Nonperturbative theoretical methods are presented in Sec. II, electron ionization cross sections for Li ϩ are presented in Sec. III, and a brief summary is found in Sec. IV.
II. THEORETICAL METHODS

A. R matrix with pseudostates
The general R-matrix theory for electron-atom collisions ͓20͔, and its extension to include pseudostates to represent the continuum ͓21͔, is well documented. Our present application to electron ionization is based on the RMATRX I atomic scattering package ͓22͔, and the orthogonalization procedure for pseudostate orbitals and continuum box orbitals developed by Gorczyca and Badnell ͓23͔. Bound spectroscopic orbitals for Li ϩ were calculated using Froese-Fischer's Hartree-Fock program ͓24͔. The 1s orbital was generated from a Hartree-Fock calculation on the 1s 2 ground configuration, while the 2s, 2p, 3s, 3p, and 3d orbitals were generated from configuration-average Hartree-Fock frozen-core calculations on the 1s2l and 1s3l excited configurations. Laguerre-type pseudostates used to represent the highly excited Rydberg states and the N-electron continuum for Li ϩ were calculated using Badnell's AUTOSTRUCTURE program ͓25͔. A set of nonorthogonal Laguerre orbitals of the form
were first generated, where L nϩl 2lϩ1 ( l Zr) denotes the associated Laguerre polynomial; N nl is a normalization constant; Zϭzϩ1, where z is the residual charge on the ion; and l is a scaling parameter that allows one to adjust the energy and radial extent of the orbitals. These orbitals were then orthogonalized to the Hartree-Fock spectroscopic orbitals and each other.
Two pseudostate expansions were employed: one expansion included the 21 orbitals n l (nϭ4 -10 and lϭ0 -2) from the 1sn l excited configurations, while the other also included an additional seven orbitals n f (nϭ4 -10) from the 1sn f excited configurations. Taking into account total spin angular momentum, the first set of spectroscopic and pseudoorbitals led to 53 ground and excited LS terms, while the second set of orbitals resulted in a total of 67 LS terms. For both calculations, we employed 40 continuum box orbitals per angular momentum and a box of radius 33.3 a.u. All required LS⌸ symmetries up to Lϭ10 were included, and they were topped up by using the method described in Badnell et al. ͓8͔.
The ionization cross section is often determined from the R-matrix with pseudostates method by simply summing up the excitation cross sections to the positive-energy pseudostates. However, pseudostates below the ionization limit contain some continuum character, and those above the ionization limit contain some bound character. We employ the following procedure to more accurately partition the pseudostates between the bound and the continuum. We first adjust the scaling parameters l until the ionization limit lies midway between two term energies for each value of l. We then determine ionization cross sections from the ground state using the equation
where ͉n ͘ denotes a positive or negative-energy pseudostate, ͉n͘ denotes a physical discrete state, and exc (n ) is the excitation cross section from the ground state to ͉n ͘. In practice, after the scaling parameters have been adjusted as described above, the difference in determining the ionization cross section using Eq. ͑2͒ and just summing over all excitation to positive-energy pseudostates is on the order of 5%.
The most time-consuming part of this calculation is the diagonalization of the (Nϩ1)-electron Hamiltonian. The 67-state calculation required the diagonalization of dense matrices up to a rank of 6749. In order to extend these calculations to higher energy, we would have been forced to include more pseudostates to accurately represent the N-electron continuum, and a much larger set of box orbitals to represent the (Nϩ1)-electron continuum; this would have in turn greatly increased the rank of the matrices to be diagonalized.
B. Time-dependent close-coupling theory
The time-dependent close-coupling theory for electronatom collisions is set forth in studies of the electron-impact ionization of hydrogen ͓26,27͔. The extension of the formulation to calculate the electron-impact ionization of helium ͓19͔ may be directly applied to the ionization of Li ϩ . A frozen-core 1s orbital is calculated as the hydrogenic ground state of Li 2ϩ . A set of radial orbitals n l are obtained by diagonalization of the Hamiltonian given by
where Z t ϭ3, V D (r) is the direct Hartree potential, and V X (r) is a local exchange potential. Both the direct and exchange potentials are calculated using the frozen-core 1s orbital. A parameter in the exchange term is adjusted so that the single particle energies for each angular momentum are in reasonable agreement with the configuration-average experimental spectrum. The 1 s orbital has an energy of ⑀ 1 s ϭ Ϫ75.6 eV, and is very similar to the Hartree-Fock ground state radial orbital of Li ϩ . At a time tϭ0 before the collision, two-electron radial wave functions P l 1 l 2 LS (r 1 ,r 2 ,t) are given by antisymmetrized products of the 1 s orbital and an incoming radial wave packet. Their propagation in time is governed by the Schrö-dinger equation, which takes the form of a set of timedependent close-coupled partial differential equations for each LS symmetry given by
where T l 1 l 2 (r 1 ,r 2 ) contains kinetic energy, centrifugal barrier, nuclear, direct Hartree, and local exchange operators, and U l 1 l 2 ,l 1 Јl 2 Ј L (r 1 ,r 2 ) couples the various (l 1 l 2 ) scattering channels ͓19͔. At a time tϭT following the collision, the two-electron radial wave functions are projected onto products of the n l orbitals to extract collision probabilities and thus inelastic cross sections. For electron ionization of Li ϩ the time-dependent closecoupling equations ͓see Eq. ͑4͔͒ for the two-electron radial wave functions are solved on two different numerical lat-tices. One lattice has 200ϫ200 points, with each radial direction from 0 to 40 a.u. spanned by a uniform mesh with spacing ⌬rϭ0.20 a.u., while a second lattice has 300 ϫ300 points with each radial direction from 0 to 45 a.u. spanned by a uniform mesh with spacing ⌬rϭ0.15 a.u. The number of (l 1 l 2 ) coupled channels ranges from 4 for 1, 3 S to 16 for 1, 3 I symmetry. The total time propagation of the radial wave functions is determined by the convergence of the collision probabilities. Generally, shorter times are needed for larger incident energies.
C. Distorted-wave theory
The distorted-wave theory for electron-impact ionization of atoms is based on a triple partial-wave expansion of the first-order perturbation theory scattering amplitude ͓3͔. The 1s orbital for Li ϩ is generated from a Hartree-Fock calculation on the 1s 2 ground configuration. The incident and scattered electrons are calculated in a V N potential, while the ejected electron is calculated in a V NϪ1 potential, where N ϭ2 is the number of electrons on the target. Two distortedwave calculations for the electron ionization of Li ϩ are made: one includes only the direct term in the scattering amplitude, while the second includes both direct and exchange terms.
III. RESULTS
Partial-wave ionization cross sections for electron scattering from Li
ϩ at an incident energy of 150 eV, calculated in the perturbative distorted-wave, the nonperturbative R-matrix with pseudostates, and time-dependent wavepacket methods are presented in Table I . The overall agreement between the perturbative and nonperturbative calculations is reasonably good. For example, all the calculations predict a maximum in the partial cross sections at Lϭ2. The R-matrix results for the partial cross sections given here are obtained by summing over all excitation to the positive energy pseudostates, while the correction given by Eq. ͑2͒ lowers the total cross section by about 5%. By Lϭ6, the partial cross sections determined from the 67-state R-matrix calculation and the most accurate time-dependent calculation differ by only 5%; furthermore, the partial cross section determined from the distorted-wave with exchange method is only 12% higher than the 67-state R-matrix result and 18% higher than the most accurate time-dependent result.
Total ionization cross sections for electron scattering from Li ϩ at low incident energies are presented in Fig. 1 . The dashed curve gives the 67-state R-matrix results convolved with an 2.0-eV Gaussian to smooth out the narrow pseudoresonance structure, while the solid curve is obtained from a fourth-degree polynomial fit through the remaining pseudoresonance oscillations. The R-matrix ionization cross sections are determined using Eq. ͑1͒. The 53-state R-matrix results, which are not shown in Fig. 1 , are in excellent agreement with the 67-state R-matrix results between threshold and 150 eV; however, the two calculations begin to differ more appreciably at about 175 eV. The open square at 150 eV gives the time-dependent close-coupling results for L ϭ0 -6 combined with the distorted-wave with exchange results for Lϭ7 -30. The wave-packet results are for the 300 ϫ300 lattice; the 200ϫ200 lattice results are 3.2% higher. We note that the ''top up'' in angular momentum coming from the distorted-wave with exchange calculations is only 3.3% of the total ionization cross section at 150 eV. The solid circles and solid diamonds are crossed-beam experimental measurements ͓13,15͔. We find that the R-matrix Tables II and III . The accuracy of the perturbative calculations should improve at the higher angular momentum and higher incident energies. For example, the wave packet Lϭ6 partial cross sections are 11% lower than the distorted-wave with exchange results at 250 eV, and 4% lower at 400 eV.
Total ionization cross sections for electron scattering from Li ϩ at intermediate incident energies are presented in Fig. 2 .
The open squares give the time-dependent close-coupling results for Lϭ0 -6 combined with the distorted-wave with exchange results for Lϭ7 -30. The wave-packet results are for the 300ϫ300 lattice; the 200ϫ200 lattice results are from 3% to 5% higher. We note that the ''top up'' in angular momentum coming from the distorted-wave with exchange calculations has increased to 30% of the total ionization cross section by 400 eV. The solid curve gives the distortedwave with exchange results, while the dashed curve gives the distorted-wave no-exchange results. The distorted-wave with exchange calculations by Younger ͓17͔ are in excellent agreement with those shown in Fig. 2 , while the CoulombBorn calculations of Moores and Nussbaumer ͓16͔ agree well with the distorted-wave no-exchange results. The solid circles and solid triangles are crossed-beams experimental measurements ͓13,14͔. We find that, at higher energies, the time-dependent close-coupling calculations are somewhat above the experimental measurements of Lineberger et al. ͓13͔ , but well within the error bars; however, they are above the top of the error bars for the measurements of Peart and Dolder ͓14͔. We note that the distorted-wave with exchange results are also within the error bars of the measurements of Lineberger et al. ͓13͔ .
IV. SUMMARY
The R-matrix pseudostate and time-dependent closecoupling methods have been applied to calculate the electron-impact ionization cross section for Li ϩ . Both of these nonperturbative methods seem to confirm the overall accuracy of previous perturbative distorted-wave calculations ͓17͔; they are somewhat higher, but also in reasonably good agreement with previous experimental measurements ͓13-15͔. Based on the present work for Li ϩ , we expect that the distorted-wave with exchange method can be used to accurately predict the electron-impact ionization cross section from the ground state for all positively charged atomic ions in the helium isoelectronic sequence. In the future we hope to extend nonperturbative electron scattering theory to examine the ionization process in other open-and closed-shell atomic systems.
